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Abstract. We introduce two families of soliton hierarchies: the twisted
hierarchies associated to symmetric spaces. The Lax pairs of these
two hierarchies are Laurent polynomials in the spectral variable. Our
constructions gives a hierarchy of commuting flows for the generalized
sine-Gordon equation (GSGE), which is the Gauss-Codazzi equation for
n-dimensional submanifolds in Euclidean 2n − 1 space with constant
sectional curvature −1. In fact, the GSGE is the first order system as-
sociated to a twisted Grassmannian system. We also study symmetries
for the GSGE.
2000 Mathematics Subject Classification: 37K05, 37K25, 53B25.
Keywords and Phrases: Soliton hierarchy, Involutions, Submani-
folds.
1. Introduction
Most soliton hierarchies can be constructed from splittings of Lie alge-
bras L as positive L+ and negative L− subalgebras (cf. [26, 1, 3, 11, 19]).
For example, the AKNS 2× 2, the Korteweg-de-Vris (KdV), the non-linear
Schro¨dinger (NLS), the 3-wave, and the Gelfand-Dikki hierarchies are con-
structed in this way. When the infinite dimension Lie algebra is a subalgebra
of the Lie algebra L(G) of loops in a complex, simple Lie algebra G, many
properties of soliton equations can be explained in a unified way including:
Lax pairs, commuting flows, bi-Hamiltonian structures, Ba¨cklund transfor-
mations, scattering and inverse scattering, tau functions, and the Virasoro
actions (cf. [25, 18, 20, 21, 22]).
If we use the standard splitting of L(G) as non-negative and negative
Fourier series, then we get the G-hierarchy [25]. If U is the real form of G
defined by an involution τ , then τ induces an involution on L(G) and its
fixed point set Lτ (G) in L(G) leaves the positive and negative loop algebras
invariant. We call the resulting hierarchy the U -hierarchy. For example,
the SU(2)-hierarchy contains NLS. Assume further that there is a second
involution σ commuting with τ . Let K denote the fixed point set of σ in U .
Then U
K
is a symmetric space. There is also an induced involution given by σ
on L(G) and the subalgebra Lτ,σ(G) that is fixed by the involutions induced
†Research supported in part by NSF Grant DMS-0707132.
1
2 CHUU-LIAN TERNG†
by τ and σ gives the U
K
-hierarchy. For example, the SU(2)/SO(2)-hierarchy
contains the modified KdV (cf. [19]).
If the soliton hierarchy is constructed from a subalgebra of L(G), then we
can put all degree 1 flows together to form a first order system of partial
differential equations. Here a soliton flow is said to have degree one if its
Lax pair is a degree one polynomial in the spectral (or loop) variable. We
call the first order system constructed from the U - and U
K
- hierarchies the
U - and the U
K
- systems respectively ([17]). Techniques in soliton theory
can be applied to these first order systems. Many of the U
K
- systems are
the Gauss-Codazzi equations for submanifolds in space forms or symmetric
spaces with special geometric properties. For example, the Gauss-Codazzi
equations for isothermic surfaces in R3 is the O(4,1)
O(3)×O(1,1) -system ([9]), for
isothermic surfaces in Rn is the O(n+1,1)
O(n)×O(1,1) -system ([7, 8]), for n-dimensional
flat submanifolds in R2n with flat and non-degenerate normal bundle is
the O(2n)
O(n)×O(n) -system ([17]), for flat Lagrangian submanifolds in C
n = R2n
with non-degenerate normal bundle is the U(n)⋉C
n
O(n)⋉Rn -system ([24]), for flat
Lagrangian submanifolds in CPn−1 is the U(n)
O(n) -system, and the equation
for conformally flat n-submanifolds in S2n−2 with flat and non-degenerate
normal bundle is the O(2n−1,1)
O(n)×O(n−1,1) -system ([10]).
The (twisted) U
K
-system is the equation for regular curved flats in U
K
studied by Ferus and Pedit in [12] written in a good choice of coordinate
system. Finite type curve flats were studied by Ferus and Pedit in [12, 13]
and by Brander in [5, 6].
It is known that the U
K
-system as an exterior differential system is in-
volutive, hence by the Cartan-Ka¨hler Theorem the Cauchy problem has a
unique local real analytic solution for real analytic initial data on a non-
characteristic line (cf. [23]). We can also use the inverse scattering method
to prove that the Cauchy problem has unique global smooth solution for
smooth rapidly decaying small initial data on a non-characteristic line [17].
As a consequence, given any smooth initial data defined on an interval I of
a non-characteristic line, there is a subinterval I0 ⊂ I and a solution of the
U
K
-system that agrees with the initial data on I0.
The group of rational maps f : S2 → UC satisfying the
U
K
-reality condition
and f(∞) = I acts on the space of solutions of the U
K
-system, and solutions in
the orbit at the vacuum solution are given explicitly in terms of exponential
functions ([19]).
Since the Gauss-Codazzi equation for surfaces in R3 with constant cur-
vature −1 is the sine-Gordon equation, the Gauss-Codazzi equation for n-
dimensional submanifolds in R2n−1 with constant sectional curvature −1
is called the generalized sine-Gordon equation (GSGE). The GSGE has
Ba¨cklund transformations, Permutability formula ([15, 16]), a Lax pair, and
the inverse scattering theory has been carried out in [2, 4]. But it is not
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clear whether there exists a soliton hierarchy constructed from a splitting of
some subalgebra of a loop algebra so that the first order system associated
to this hierarchy is the GSGE. If we can find such splitting, then techniques
from soliton theory will give us infinitely many commuting flows and a loop
group action on the space of solutions of the GSGE. The Lax pairs of the
U - and U
K
-systems are degree 1 polynomials in λ. But the Lax pair for the
GSGE is a degree 1 Laurent polynomial in λ. So the GSGE cannot be a
U - or U
K
-system. This makes the problem of finding a splitting that gives
GSGE more interesting because as a bi-product this should give a way to
construct new soliton hierarchies. In fact, this is what we have done in this
paper. If U
K
is a non-compact symmetric space given by τ, σ, then we can
use σ to construct a splitting of the loop algebra Lτ (G) and use it to build
a twisted U -hierarchy. If there is a third involution σ2 that commutes with
τ, σ and these three involutions satisfy certain conditions, then we can use
σ2 to construct a splitting of the loop algebra L
τ,σ(G) and use it to construct
a twisted U
K
-hierarchy. Lax pairs of flows in these two twisted hierarchies
are Laurent polynomials in the spectral variable.
This paper is organized as follows: In section 2, we review the method
of constructing soliton hierarchies from splittings of Lie algebras and use
these splittings to explain some soliton properties. In section 3, we first
review the construction of the G-, U -, and U
K
-hierarchy of soliton equations,
then give constructions of two new soliton hierarchies, the twisted U - and
twisted U
K
- hierarchies. In the final section, we review the construction of
the U -system and the U
K
-system and use the same method to construct the
twisted U - and twisted U
K
-system. We also show that the GSGE is the first
order system associated to a twisted O(n,n)
O(n)×O(n) -hierarchy. As a bi-product,
we obtain a loop group action and a hierarchy of commuting flows on the
space of solutions of GSGE.
2. Splittings and soliton hierarchies
We review the method for constructing soliton hierarchies from splittings
of Lie algebras and vacuum sequences and give several examples ((cf. [1, 11,
25, 19, 20]).
Lie algebra splitting and vacuum sequence
Let G be a complex simple Lie group, L(G) the group of smooth maps
f : S1 → G, G the Lie algebra of G, and L(G) the Lie algebra of L(G).
Suppose L is a Lie subalgebra of L(G). A splitting of L is a pair of Lie
subalgebras (L+,L−) of L such that L = L+ ⊕ L− as direct sum of linear
subspaces and the corresponding subgroups L+, L− intersect at the identity
(i.e., L+ ∩ L− = {e}).
A commuting sequence J = {Jj | j > 1} in L+ is called a vacuum sequence
if they are linearly independent and Jj is an analytic function of J1 for all
j > 1.
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Construction of flows
A soliton hierarchy can be constructed from the splitting (L+,L−) of L
and a vacuum sequence J (cf. [18, 20]) as follows: Set
Y = {π+(gJ1g
−1) | g ∈ L−}, (2.1)
where π± : L → L± are the projections with respect to L = L+ ⊕L−. Note
that J1 ∈ Y .
Assume that given smooth P : R→ Y , there exists M : R→ Y such that
∂x + P =M(∂x + J1)M
−1,
or equivalently,
P =MJ1M
−1 −MxM
−1.
Such M is called a Baker function for P . Since P ∈ L+ and MxM
−1 ∈ L−,
we have
P = π+(MJ1M
−1), MxM
−1 = π−(MJ1M
−1). (2.2)
Then Qj(P ) =MJjM
−1 ∈ L satisfies the following properties:

[∂x + P,Qj(P )] = 0,
Qj(P ) is conjugate to Jj,
Qj(J1) = Jj .
(2.3)
In fact, Qj(P ) is determined by these properties.
The flow generated by Jj is the equation on C
∞(R, Y ):
Ptj = [∂x + P, π+(Qj(P ))]. (2.4)
These flows commute and the collection of these commuting flows is the soli-
ton hierarchy associated to the splitting (L+,L−) and the vacuum sequence
J . If Qj(P ) depends on P and derivatives of P , then these flows are PDEs.
Lax pair and frame
The following statements are equivalent for smooth maps P : R2 → Y :
(1) P is a solution of the flow equation (2.4) generated by Jj ,
(2) [∂x + P, ∂tj + π+(Qj(P ))] = 0,
(3) θ = Pdx+ π+(Qj(P ))dtj is a flat connection 1-form,
(4) {
E−1Ex = P,
E−1Etj = π+(Qj(P )),
(2.5)
is solvable for any initial data E(0, 0) = c0 ∈ L+.
We call θ a Lax pair , and call the solution E of (2.5) with initial data c0 =
the identity in L+ the frame of the solution P of the flow generated by Jj .
Note that the constant P = J1 is a solution of the j-th flow and its frame
is V (x, tj) = exp(xJ1 + tjJj), which are called the vacuum solution and the
vacuum frame respectively.
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Theorem 2.1 (Local Factorization Theorem). [14, 21]
Suppose L is a closed subgroup of the group of Sobolev H1- loops in a finite
dimensional Lie group G, and (L+,L−) is a splitting of the Lie algebra
L. Let O be an open subset in RN , and g : O → L a map such that
(x, λ) 7→ g(x)(λ) is smooth. If p0 ∈ O and g(p0) = k+k− = h−h+ with
k±, h± ∈ L±, then there exist an open subset O0 ⊂ O containing p0 and
unique f±, g± : O0 → L± such that g = g+g− = f−f+ on O0 and g±(p0) =
k±, f±(p0) = h±.
Formal inverse scattering [20]
Given f ∈ L−, we can use The Local Factorization Theorem 2.1 to con-
struct a local solution Pf of the hierarchy as follows: Let
V (x, tj) = exp(xJ1 + tjJj)
denote the vacuum frame. By Theorem 2.1 there is an open subset O of the
origin in R2 such that we can factor fV (x, tj) as
fV (x, tj) = E(x, tj)M(x, tj) (2.6)
with E(x, tj) ∈ L+ and M(x, tj) ∈ L− for all (x, tj) ∈ O. Then
Pf = π+(MJ1M
−1) (2.7)
is a solution of the j-th flow (2.4).
Dressing action and Ba¨cklund transformations ([19])
Given a solution P of the flow generated by Jj and f ∈ L−, let E denote
the frame of P . Then by Theorem 2.1 there is an open subset O of the
origin in R2 such that we can factor
fE(x, tj) = E˜(x, tj)f˜(x, tj)
with E˜(x, tj) ∈ L+ and f˜(x, tj) ∈ L− pointwise for each (x, tj) ∈ O. More-
over,
(1) P˜ = E˜−1E˜x is a solution of the flow generated by Jj and E˜ is the
frame of P˜ ,
(2) f ∗ P = P˜ defines an action of L− on the space of local solutions of
the flow generated by Jj ,
(3) if L is a subgroup of the group of smoth loops in GL(n) and f ∈ L+
is rational, then
(a) P 7→ f ∗P can be computed explicitly using the frame of P and
poles and residues of f ,
(b) if f is a simple element , i.e., f can not be factored as the product
of two rational elements in L−, then f ∗P can be also computed
by solving a system of compatible ODEs, which are usually
called Ba¨cklund or Darboux transformations,
(c) f ∗ J1 is given explicitly in terms of exponential functions and
is a pure soliton soluton.
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3. Examples
The G-hierarchy ([1, 25])
Let L(G) denote the group of smooth loops f : S1 → G, L+(G) is the
subgroup of f ∈ L(G) such that f is the boundary value of a holomorphic
map defined on |λ| < 1, and L−(G) is the subgroup of f ∈ L(G) such that
f is the boundary value of a holomorphic map h defined on 1 < |λ| 6 ∞
and h(∞) = e the identity in G. It follows from the Liouville Theorem that
L+(G) ∩ L−(G) = {e}. Let L(G),L±(G) be the corresponding Lie algebras.
It is clear that L(G) = L+(G) ⊕ L−(G). So (L+(G),L−(G)) is a splitting of
L(G).
Let A be a Cartan subalgebra of G, and {a1, . . . , an} a basis of A such
that a1 is regular, i.e., the centralizer of a1, {x ∈ G | [x, a1] = 0} is equal
to A. Then J = {Ji,j = aiλ
j | 1 6 i 6 n, j > 1} is a vacuum sequence.
The soliton hierarchy constructed from the splitting (L+(G),L−(G)) and the
vacuum sequence J is called the G-hierarchy.
The U-hierarchy ([19])
Let τ be an involution of G such that the differential at the identity e ∈ G
(still denoted by τ) is conjugate linear. The fixed point set U of τ in G is
called a real form of G. Let A be a maximal abelian subalgebra in U , and
{a1, . . . , an} a basis of A such that the centralizer of a1 in U is A. Let L(G)
and L±(G) be as in the G-hierarchy. Set
Lτ (G) = {ξ ∈ L(G) | τ(ξ(λ¯)) = ξ(λ)},
Lτ±(G) = L±(G) ∩ L
τ (G),
J = {Ji,j = aiλ
j | 1 6 i 6 n, j > 1}.
Then (Lτ+(G),L
τ
−(G)) is a splitting of L
τ (G), and J is a vacuum sequence.
The hierarchy generated by this splitting and vacuum sequence is called the
U -hierarchy. For example, for G = SL(2,C) and τ(x) = (x¯t)−1, we have
U = SU(2). Choose a1 = diag(i,−i). The space Y defined by (2.1) is
Y =
{
aλ+
(
0 q
−q¯ 0
) ∣∣∣∣ q ∈ C
}
,
and the flows generated by a1λ
2 is the NLS, qt =
i
2(qxx + 2|q|
2q).
For general U , the space Y = {a1λ + ξ | ξ ∈ A
⊥}, where A⊥ = {ξ ∈
U | (ξ,A) = 0} and ( , ) is a fixed non-degenerate bilinear form on U . The
first flow generated by aiλ is
uti = ad(ai)ad(a1)
−1(ux) + [u, ad(ai)ad(a1)
−1(u)], (3.1)
where ad(b)(x) = [b, x] (since a1 is regular, ad(a1) is a linear isomorphism
on A⊥).
The U
K
-hierarchy ([19])
Let τ, σ be two commuting involutions of G such that the differentials dτe
is conjugate linear and dσe is complex linear on G. To simplify the notations,
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we will use τ, σ to denote the induced involutions dτe, dσe on G. Let U be
the fixed point set of τ in G, and K the fixed point set of σ in U . The
quotient space U
K
is a symmetric space. Let P denote the −1 eigenspace
of σ on U . Then U = K + P is a Cartan decomposition of U
K
. Let A be a
maximal abelian subalgebra in P. The dimension of A is the rank of the
symmetric space. Let {a1, . . . , an} be a basis of A such that a1 is regular,
i.e., the Ad(K) orbit at a1 in P is a maximal orbit. Set
Lτ,σ(G) = {ξ ∈ L(G) | τ(ξ(λ¯)) = ξ(λ), σ(ξ(−λ)) = ξ(λ)},
Lτ,σ± (G) = L
τ,σ(G) ∩ L±(G),
J = {Ji,2k+1 = aiλ
2k+1 | 1 6 i 6 n, k > 0}.
Then (Lτ,σ+ (G),L
τ,σ
− (G)) is a splitting of L
τ,σ(G) and J is a vacuum sequence.
For example, let G = SL(2,C), τ(g) = (g¯t)−1, σ(g) = (gt)−1, and a1 =
diag(i,−i). The symmetric space is SU(2)
SO(2) ≃ CP
1, the space
Y =
{
a1λ+
(
0 q
−q 0
) ∣∣∣∣ q : R→ R
}
.
The flow generated by a1λ
3 in the SU(2)
SO(2) -hierarchy is the mKdV, qt =
1
3(qxxx + 6q
2qx).
The U-hierarchy twisted by σ
Let U
K
be the symmetric space defined by involutions τ and σ of G. Sup-
pose
(a) the real form U is non-compact and there is a Borel subgroup B
such that U = KB, K ∩B = {e}, U = K + B,
(b) there is a maximal abelian subalgebra A in U such that σ(A) = A.
Below we associate to such a symmetric space a splitting and a vacuum
sequence.
Let L˜τ (G) be the group of smooth maps f : S1
ǫ−1
→ G satisfying τ(f(λ¯)) =
f(λ), where S1
ǫ−1
= λ ∈ C | |λ| = ǫ−1}. Let L˜τ+(G) be the subgroup of
f ∈ L˜τ (G) such that there exists a holomorphic map h on ǫ < |λ| < ǫ−1
with boundary values f on S1
ǫ−1
and fˆ(λ) = σ(f(λ−1)) on S1ǫ , and L˜
τ
−(G) the
subgroup of f ∈ L˜τ (G) such that there exists a holomorphic map h defined
on ∞ > |λ| > ǫ−1 with boundary value f on S1
ǫ−1
and h(∞) ∈ B. It follows
from the Liouville Theorem that L˜τ+(G)∩ L˜
τ
−(G) = {e}. The corresponding
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Lie subalgebras are:
L˜τ (G) = {ξ(λ) =
∑
j6n0
ξjλ
j | ξj ∈ U},
L˜τ+(G) = {ξ ∈ L˜
τ (G) |σ(ξ(λ−1)) = ξ(λ)},
L˜τ−(G) = {ξ ∈ L˜
τ (G) | ξ(λ) =
∑
j60
ξjλ
j, ξ0 ∈ B}.
So (L˜τ+(G), L˜
τ
−(G)) is a splitting of L˜
τ (G). Let π± : L˜
τ (G)→ L˜τ±(G) denote
the projection with respect to L˜τ (G) = L˜τ+(G)⊕ L˜
τ
−(G). In fact, for A(λ) =∑
j6n0
Ajλ
j in L˜τ (G), we have
π+(A) = (A0)K +
∑
j>0
(Ajλ
j + σ(Aj)λ
−j),
π−(A) = (A0)B +
∑
j>0
(A−j − σ(Aj))λ
−j ,
where (A0)K and (A0)B are the projections of U onto K and B respectively.
Let {a1, . . . , an} be a basis of A such that a1 is regular. Then
J = {Ji,j = aiλ
j + σ(ai)λ
−j | 1 6 i 6 n, j > 1}
is a vacuum sequence in L˜τ+(G). We call the soliton hierarchy constructed
from this splitting and vacuum sequence the U -hierarchy twisted by σ.
The space defined by (2.1) is
Y = {ba1b
−1λ+ v + σ(ba1b
−1)λ−1 | b ∈ B, v ∈ K}.
The flows in the U -hierarchy twisted by σ are equations for
P = (ba1b
−1)λ+ v + σ(ba1b
−1)λ−1, b : R2 → K, v : R2 → K.
To write down the flow equation, we need to find
Qj(P ) =
∑
i≤1
Qj,i(P )λ
i
satisfying (2.3). Note that
b−1(∂x + P )b = ∂x + a1λ+ (b
−1vb+ b−1bx) + b
−1σ(ba1b
−1)bλ−1.
So we can use (2.3) to solve Qi,j the same way as for the U -hierarchy (cf.
[18]) and conclude that Qi,j are polynomial differential operators in v, b.
Hence the flows in this hierarchy are PDEs.
The U
K1
-hierarchy twisted by σ2
Let U
K1
, U
K2
denote the symmetric spaces defined by involutions τ, σ1 and
τ, σ2 respectively, and Ui = Ki+Pi the corresponding Cartan decompositions
for i = 1, 2. Assume that σ1σ2 = σ2σ1,
K1 ∩K2 = S1 × S2, K1 = S1 ×K
′
1, K2 = K
′
2 × S2 (3.2)
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as direct sum of subgroups, and there is a maximal abelian subalgebra A
in P1 such that σ2(A) = A. Below we associate to such pair of symmetric
spaces a splitting and a vacuum sequence
First note that
K ′1 ∩K
′
2 = {e},
K1
K1 ∩K2
=
K ′1
S2
,
K2
K1 ∩K2
=
K ′2
S1
,
and at the Lie algebra level we have
(1) K1 ∩ K2 = S1 ⊕ S2 as direct sum of Lie subalgebras,
(2) K′1 = S2 ⊕Q1 and K
′
2 := S1 ⊕Q2 are the Cartan decomposition of
symmetric spaces
K ′1
S2
and
K ′2
S1
respectively, where Q1 = K1 ∩ P2 and
Q2 = K2 ∩ P1,
(3) K1 = S1 ⊕K
′
1 = S1 ⊕S2 ⊕Q1 and K2 = S1 ⊕S2 ⊕Q2 as direct sum
of linear subspaces.
Let L˜τ (G) be the group of smooth maps f from the circle S1
ǫ−1
to G
satisfying τ(f(λ¯)) = f(λ). Let L˜τ,σ1(G) be the subgroup of f ∈ L˜τ (G) fixed
by the involution σ˜1 on L˜
τ (G) defined by
σ˜1(f)(λ) = σ1(f(−λ)),
L˜τ,σ1+ the subgroup of f ∈ L˜
τ,σ1(G) such that there exists a holomorphic
map h on ǫ < |λ| < ǫ−1 satisfying the following conditions:
(1) h has boundary value f on S1
ǫ−1
and fˆ(λ) = σ2(f(λ
−1) on S1ǫ ,
(2) h(1) ∈ K ′2.
It follows from the Liouville Theorem and K ′1 ∩ K
′
2 = {e} that L˜
τ,σ1
+ (G)
intersects L˜τ,σ1− (G) at the identity.
Let L˜τ,σ1− (G) denote the subgroup of f ∈ L˜
τ,σ1(G) such that there exists
a holomorphic map on ∞ ≥ |λ| > ǫ−1 with boundary value f on S1
ǫ−1
and
f(∞) ∈ K ′1.
The Lie algebras written in Laurent series are:
L˜τ,σ1(G) =

ξ(λ) =
∑
j
ξjλ
j
∣∣ τ(ξ(λ¯)) = ξ(λ), σ1(ξ(−λ)) = ξ(λ)

 ,
=


∑
j
ξjλ
j
∣∣ ξj ∈ K1 if j is even, ξ ∈ P1 if j is odd

 ,
L˜τ,σ1+ (G) =


∑
j
ξjλ
j ∈ L˜τ,σ1(G)
∣∣ ξ−j = σ2(ξj), ξ(1) ∈ K′2

 ,
L˜τ,σ1− (G) =

ξ(λ) =
∑
j≤0
ξjλ
j ∈ L˜τ,σ1(G)
∣∣ ξ0 ∈ K′1

 .
Theorem 3.1. (L˜τ,σ1+ , L˜
τ,σ1
− ) is a splitting of L˜
τ,σ(G).
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Proof. Given A =
∑
iAiλ
i ∈ L˜ = L˜τ,σ1(G), we want to prove that there exist
uniuqe ξ =
∑
i ξiλ
i in L+ = L˜
τ,σ1
+ (G) and η =
∑
i ηiλ
i in L− = L˜
τ,σ1
− (G) such
that A = ξ + η. It is easy to see that
ξj =
{
Aj , j > 0,
σ(A−j), j < 0,
ηj = Aj − σ2(A−j) for j < 0.
So it remains to prove that ξ0 and η0 can be solved from A uniquely. To do
this, we note that ξ = ξ0 +
∑
j>0(Ajλ
j + σ2(Aj)λ
−j) and ξ0 ∈ K1. Since
A ∈ L˜, we have Aj ∈ K1 for even j and Aj ∈ P1 for odd j. By definition of
L+,
ξ(1) = ξ0 +
∑
j>0
Aj + σ2(Aj) ∈ K
′
2 = S1 +Q2. (3.3)
But
∑
j>0Aj + σ2(Aj) ∈ K2 and K
′
2 ⊂ K2 imply that ξ0 ∈ K2. So ξ0 ∈
K1 ∩K2 = S1 + S2. Note also that∑
j>0, j even
Aj + σ2(Aj) ∈ K2 ∩ K1 = S1 + S2,
∑
j>0, j odd
Aj + σ2(Aj) ∈ K2 ∩ P1 = Q2.
Thus by (3.3) we have
πS2(ξ0) = −πS2

 ∑
j>0, j even
(Aj + σ2(Aj))

 .
Use the facts that A0 ∈ K1, A0 = ξ0 + η0, ξ0 ∈ S1 ⊕ S2, η0 ∈ K
′
1 = S2 ⊕Q1,
and K1 = S1 ⊕ S2 +Q1 to conclude that
πS1(ξ0) = πS1(A0),
πS2(ξ0) = −πS2

 ∑
j>0, j even
(Aj + σ2(Aj))

 ,
πS2(η0) = πS2(A0 − ξ0) = πS2

A0 +

 ∑
j>0, j even
(Aj + σ2(Aj))



 ,
πQ1(η0) = πQ1(A0).

Let A be a maximal abelian subalgebra in P1, and {a1, . . . , an} a basis of
A such that a1 is regular with respect to the Ad(K1)-action. Since σ2(A) ⊂
A,
J = {Ji,j = aiλ
j + σ2(ai)λ
−j | 1 ≤ i ≤ n, j > 0 odd}
is a vacuum sequence.
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A computation shows that the space Y defined by (2.1) is
Y = {ha1h
−1λ+ v + σ2(ha1h
−1)λ−1 |h ∈ K ′1, v ∈ S1}.
Use the same argument as for the U -hierarchy twisted by σ to see that the
flows in this hierarchy are PDEs for h : R2 → K ′1 and v : R
2 → S1.
Example 3.2. The
O(n,n)
O(n)×O(n)-hierarchy twisted by σ2
This is the example that motivates the construction of twisted U
K
- hi-
erarchy. Let G = o(n, n,C), τ(x) = x¯, σ1(x) = In,nxI
−1
n,n, and σ2(x) =
In+1,n−1xI
−1
n+1,n−1, where Im,n0−m is the n0 × n0 diagonal matrix with ii-th
entry equals to 1 if i 6 m and equals to −1 if m < i 6 n0. Then
U = o(n, n), K1 = o(n)× o(n), K2 = o(n, 1)× o(n − 1),
K1 ∩ K2 = S1 + S2, where S1 = o(n)× 0, S2 = 0× o(n− 1),
K′2 = S1 + (P1 ∩ K2) = o(n, 1), K
′
1 = 0× o(n).
So K1,K2 satisfy (3.2). The space
A =
{(
0 D
D 0
) ∣∣∣∣D ∈ gl(n,R) is diagonal
}
is a maximal abelian subalgebra in P1 and σ2(A) ⊂ A. Choose a basis
{a1, . . . , an} of A such that a1 is regular. Then
J = {Ji,j = aiλ
j + σ2(ai)λ
−j | 1 ≤ i ≤ n, j odd}
is a vacuum sequence, and we obtain the O(n,n)
O(n)×O(n) -hierarchy twisted by
σ2. The flows in this hierarchy are PDE for maps g : R
2 → O(n) and
v : R2 → o(n).
4. The first order PDE systems
Because all flows in the soliton hierarchy associated to a symmetric spaces
commute, we can put the first n flows together (here n is the rank of the
symmetric space) to construct a first order PDE system. Many of these
systems occur in submanifold geometry.
The U-system ([17])
We use the same notations as for the U -hierarchy, and put all the flows in
the U -hierarchy generated by a1λ, . . . , anλ together. In fact, if u(t1, . . . , tn)
satisfies (3.1) for each 1 6 i 6 n, then v : Rn → A⊥ defined by v =
ad(a1)
−1(u) satisfies
[ai, vxj ]− [aj , vxi ] = [[ai, v], [aj , v]], 1 6 i 6= j 6 n, (4.1)
where A⊥ = {x ∈ U | (x,A) = 0} and ( , ) is an ad-invariant bi-linear form
on U . System (4.1) is called the U-system This system is independent of the
choice of the basis of A because if we change basis of A, (4.1) just amounts to
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a linear change of coordinates of x1, . . . , xn. So to write down the U -system,
we can use any basis for A. Moreover, the U -system has a Lax pair:
θλ =
n∑
i=1
(aiλ+ [ai, v]) dxi,
i.e., v is a solution of the U -system if and only if θλ is a flat connection
1-form on Rn for all λ ∈ C.
The U
K
-system ([17])
We use the same notations as for the U
K
-hierarchy, and {a1, . . . , an} is a
basis of a maximal abelian subalgebra A in P. The U
K
-system is the system
(4.1) for maps v : Rn → A⊥ ∩ P. Its Lax pair has the same form as the
U -system.
The U-system twisted by σ
We use the same notation as for the U -hierarchy twisted by σ. Let
{a1, . . . , an} be a base of A such that a1 is regular. The U -system twisted
by σ is the collection of flows in the U -hierarchy twisted by σ generated by
J1,i = aiλ + σ(ai)λ
−1 for 1 ≤ i ≤ n, i.e., it is the equation for g : Rn → B
and v : Rn → K with a Lax pair of the form
θλ =
n∑
i=1
((gaig
−1)λ+ vi + σ(gaig
−1)λ−1) dxi, (4.2)
with g : Rn → B and vi : R
n → K.
The U
K1
-system twisted by σ2
We use the same notations as for the U
K1
-hierarchy twisted by σ, and let
{a1, . . . , an} be a base of A. The
U
K1
-system twisted by σ2 is the collection
of commuting flows in the U
K1
-hierarchy generated by J1,i = aiλ+ σ(ai)λ
−1
for 1 ≤ i ≤ n, and this system has a Lax pair of the form
θλ = λgDg
−1 + v + λ−1σ2(gDg
−1),
where g : Rn → K ′1, v =
∑n
i=1 vidxi with vi : R
n → S1 for 1 ≤ i ≤ n, and
D =
∑n
i=1 aidxi.
The gauge transform of θλ by g
−1
g−1 ∗ θλ = Dλ+ (v + g
−1dg) + λ−1g−1σ2(gDg
−1)g
is flat for all non-zero λ. If U
K1
has maximal rank, i.e., the rank of U
K1
is
equal to the rank of U , then the flatness of g−1 ∗ θλ implies that there is
ξ : Rn → A⊥ ∩ P1 such that vi + g
−1gxi = [ai, ξ]. So we have
Proposition 4.1. If U
K1
has maximal rank, then the U
K1
-system twisted by
σ2 is the equation for (g, ξ) : R
n → K ′1 × (A
⊥ ∩ P1) such that
θλ =
n∑
i=1
(gaig
−1λ+ πS1([ai, ξ]) + σ2(gDg
−1)λ−1)dxi
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is flat for all λ ∈ C \ {0}, where πS1 is the projeciton of K1 onto S1 along
K′1 and g
−1dg =
∑n
i=1 πK′1([ai, ξ])dxi.
Example 4.2. A twisted
O(n,n)
O(n)×O(n) -system
We use the same notations as the O(n,n)
O(n)×O(n) system twisted by σ2, and
choose the following basis of A:
ai =
1
2
(
0 eii
eii 0
)
, 1 6 i 6 n,
By Proposition 4.1, the O(n,n)
O(n)×O(n) -system twisted by σ2 is the system for
(A,F ) : Rn → O(n)× gl∗(n) such that
θλ =
λ
2
(
0 δAt
Aδ 0
)
+
(
δF − F tδ 0
0 0
)
+
λ−1
2
(
0 δAtJ
JAδ 0
)
(4.3)
is flat for all λ ∈ C \ {0}, where δ = diag(dx1, . . . , dxn), J = I1,n−1, and
gl∗(n) = {(yij) ∈ gl(n) | yii = 0, 1 ≤ i ≤ n}.
Construction of local solutions from f ∈ L˜τ,σ− (G)
Since flows the U
K1
-system twisted by σ2 commute, the formal inverse
scattering for the U
K1
-system twisted by σ2 works the same way as for flows
of soliton hierarchy: Set V (x) = exp(
∑n
j=1(ajλ + σ2(aj)λ
−1)xj). Given
f ∈ L˜τ,σ− (G), by Theorem 2.1, there is an open subset O of the origin in R
n
such that fV (x) = E(x)M(x) with E(x) ∈ Lτ+(G) and M(x) ∈ L
τ
−(G) for
all x ∈ O. Then E is the frame of a solution of the the U
K1
-system twisted
by σ2.
Higher flows for the U
K1
-system twisted by σ2
Let a =
∑n
i=1 ciai ∈ A be a regular element, and
∂
∂x
=
∑n
i=1 ci
∂
∂xi
. Let
g : R → K ′1 and ξ : R → A
⊥ ∩ P1 satisfying g
−1gx = πK′1([a, ξ]), and
P = gag−1λ + πS1([a, ξ]) + σ2(gag
−1)λ−1. Let Qi(P ) =
∑
j≤1Qi,j(P )λ
j be
the solution for (2.3). Then the flow equation generated by Ji,j ,
∂P
∂ti,j
= [∂x + P, π+(Qi,j(P ))] ,
leaves the space of solutions of the U
K1
-system twisted by σ2 invariant.
Symmetries of the U
K1
-system twisted by σ2
The group L˜τ,σ− (G) acts on the space of local solutions of the
U
K1
-system
twisted by σ2 by dressing action as follows: Let E be the frame of a solution
P of the U
K1
-system twisted by σ2. Given f ∈ L˜
τ,σ
− (G), by Theorem 2.1,
there is an open subset O of Rn such that we can factor fE(x) = E˜(x)f˜(x)
with E˜(x) ∈ Lτ+(G) and f˜(x) ∈ L
τ
−(G) for all x ∈ O. Then E˜ is the frame
for a new solution P˜ . Moreover, f ∗ P = P˜ defines an action of L˜τ,σ− (G) on
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the space of local solutions of the U
K1
-system twisted by σ2. If f ∈ L
τ
−(G)
is a rational map, then the action f ∗ v can be computed by an algebraic
formula in terms of E and poles and residues of f .
The GSGE
Let Mn be a simply connected submanifold of R2n−1 with constant sec-
tional curvature −1. Then the normal bundle ν(M) is flat and there exist
coordinates (x1, . . . , xn), an O(n)-valued map A = (aij), and parallel normal
frames en+1, . . . , e2n−1 such that the first and second fundamental forms are
of the form
I =
n∑
i=1
a21idx
2
i , II =
n∑
i=1,j=2
a1iajidx
2
i en+j−1.
We use the method of moving frame to write down the Gauss-Codazzi
equation for these immersions: Set
F = (fij), fij =
{
(a1i)xj
a1j
, i 6= j,
0, i = j,
,
and wij = fijdxi − fjidxj for 1 ≤ i, j ≤ n. The Gauss-Codazzi equation is{
dw + w ∧ w = −12δA
te11Aδ, wherew = δF − F
tδ,
A−1dA = δF t − Fδ.
(4.4)
This is the GSGE ([15, 16]). It has a Lax pair ([2]):
Ωλ =
(
δF − F tδ λ2 δA
t + λ
−1
2 δA
tJ
λ
2Aδ +
λ−1
2 JAδ 0
)
. (4.5)
Note that (4.5) is the same as (4.3). So we have
Theorem 4.3. The GSGE is the twisted
O(n,n)
O(n)×O(n) -system given in Example
4.2.
Since the twisted O(2n)
O(n)×O(n) -system comes from a splitting of a subalgebra
of a loop algebra, we obtain higher flows and symmetries of GSGE.
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